1. Introduction. In this paper we investigate the action of finite groups G on finite polygonal graphs. The notion of a polygonal graph was introduced in [17]: A polygonal graph is a pair (J^, $) consisting of a graph ffl which is regular, connected and has girth m for some m ^ 3, and a set <$ of m-gons of ffl such that every 2-claw of Jf is contained in an unique element of S\ (See Section 2 for the définitions of the terms used here.) If < § is the set of all m-gons of ffl, so that there is in J^ an unique m-gon on every one of its 2-claws, then we write ffl for (Jf, <o) and call ffl a strict polygonal graph. If we wish to emphasize the integer m, then we call ( Jti?, <f) an m-gon-graph (respectively, a strict m-gon-graph).
Introduction.
In this paper we investigate the action of finite groups G on finite polygonal graphs. The notion of a polygonal graph was introduced in [17]: A polygonal graph is a pair (J^, $) consisting of a graph ffl which is regular, connected and has girth m for some m ^ 3, and a set <$ of m-gons of ffl such that every 2-claw of Jf is contained in an unique element of S\ (See Section 2 for the définitions of the terms used here.) If < § is the set of all m-gons of ffl, so that there is in J^ an unique m-gon on every one of its 2-claws, then we write ffl for (Jf, <o) and call ffl a strict polygonal graph. If we wish to emphasize the integer m, then we call ( Jti?, <f) an m-gon-graph (respectively, a strict m-gon-graph).
Examples of polygonal graphs not arising from regular solids are known mainly with girth m S 6 and with valency k S 5. Fewer examples with m > 6 or k > 5 are known, the most notable arising from J u Janko's first simple group (m = 5 and k = 11), which in fact can be characterized by this action on a polygonal graph [15] . These examples will be discussed in Section 3. In Section 2 we define the terms used in this paper and prove some basic lemmas about strict polygonal graphs and their automorphism groups.
In Sections 4 and 5 we shall assume that (J^, #) is a polygonal graph of valency k ^ 3 on a set 12, with girth m, m odd, m ^ 5, and that G S Aut (J^f) is a group of automorphisms of ffl transitive on 12. We also suppose that for any 2-claw (x:y, z), x, y, z £ 12, every involution in G xyz fixes (pointwise) the m-gon in S on (x'.y, z), but no other m-gon on (x'.y, z). This latter hypothesis is automatically satisfied if ffl is a strict m-gon-graph, and in the case that G xyz has no involutions w r e interpret this hypothesis to mean that G xyz fixes the m-gon in S on (x'.y, z), and no other m-gon on (x'.y, z).
We shall then prove the following two theorems. THEOREM 
Let x £ 12.
Suppose that for some prime p and integer n > 0, PSL (2,p n ) g G X A(X) S PTL(2,p n ) on p n + 1 points. Then either k = 3 and THEOREM 
If k is odd, G x is ^-transitive on A(x) for x £ 12, and J*if contains no strict m-gon-graph of valency 3 as a subgraph, then k = 5 and G x ~ A$.
All the examples of polygonal graphs with m odd from Section 3 (except the Petersen graph) satisfy the hypotheses of Theorem 1. As for Theorem 2, the only example arising from Section 3 Avhich satisfies its hypotheses is the pentagraph Jf 31 with Aut (Jf?n) ^ PSL (2, 31) .
Remark. If we remove the restriction that m be odd, then there are further examples of polygonal graphs satisfying the remaining hypotheses of Theorems 1 and 2. However, I know of no example of a polygonal graph with k and m odd (k > 3) which does contain a strict m-gon-graph of valency 3 as a subgraph (whether or not G X A{X) is 3-transitive), whereas there are such examples if we allow either k or m (or both) to be even.
Finally it should -be remarked that with m = 5, Theorem 2 provides a characterization of PSL (2, 31) in its action on a 5-gon-graph. This is done in [16].
Notation and preliminary results.
All groups and graphs to be considered will be finite, and the graphs will be undirected with no loops or multiple edges.
If Jlf is a graph on a set 12 and if x, y Ç 12, we write x ^ y to mean x is adjacent to y } i.e. (x, y) is an edge of Jrif. A path of length n > 0 in Jtf is a sequence (x 0 , x ly . . . , x n ) of n + 1 vertices x t Ç 12 such that x* ^ x* + i for all i = 0, . . . , n -1, and x t ^ x i+2 for i = 0, . . . , n -2. The above path is a circuit of length n if x 0 = x n and x ra _i ^ Xi, in which case we write (xi, . . . , x n ). It is called a simple path (respectively, a simple circuit) \i x t 9^ Xj for any i j* j, 0 ^ i, j ^ n (except of course x 0 = x n in the case of a circuit).
Remark. We shall not distinguish the circuit (xi, . . . , x n ) from the circuits (x iy . . . , x n , Xi, . . . , Xi_i) and (x z -, . . . , Xi, x n , . . . , x i+ i), for 1 ^ i ^ n; for our purposes these circuits are considered to be the same.
The definitions of connected graphs, distance from x to y, x, y £ 12, diameter of a graph J^, subgraph of J^, induced subgraph of J^, and connected component of J^ are as in [11] . The gir//^ of ffl is the minimum of the lengths of all circuits of ffl.
For all i ^ 0 and x G 12, define A f (x) to be the set of all y £ 12 at distance i from x (where A 0 (x) = fxj). Of course, if the diameter of ffl is n, then Aj(x) = 0 for i > n. Often we will just write A(x) for Ai(x), the points adjacent to x.
An m-claw, denoted by (x 0 *.Xi, . . . , x m ), is a subgraph ^f of ffl on the m + 1 distinct points {xo, . . . , x m \ CI 12, where {xi, . . . , x m \ CI A (x 0 ) and there are no further adjacencies between the x/s in J^7.
The valency of a vertex x of J^7 is | A(x)|. J^7 is said to be regular (of valency k) if |A(x)| = k for all x £ 12. If k = 3, Jti? is called a cwèic graph, while if k = 2, «# is connected and | 12| = m ^ 3, ffl is called an w-gon. An w-gon, with m = 3, 4, 5, . . . will be called, respectively, a triangle, rectangle, pentagon, .... The automorphism group of ^f will be denoted by Aut ( Jf ).
A polygonal graph is a pair ($ } S) consisting of a graph Jf which is regular, connected and has girth m for some m ^ 3, and a set ê of m-gons of Jf such that every 2-claw of ffl is contained in an unique element of $. If S is the set of all ra-gons of Jf 7 , so that there is in ffl an unique w-gon on every one of its In this paper 2 TO , y4 w , D n and Z n will denote respectively, the symmetric group of degree n, the alternating group of degree n, and the dihedral and cyclic groups of order n. Q% is the quaternion group of order 8. By a (finite) regular nearfield we shall mean a nearfield constructed from a (finite) field as in Theorem 20. On each of the 2-claws (x\y u ji), 2 ^ i ^ k, there is in Jf a unique m-gon EL, say. Since there are / < k vertices of ffl adjacent to y u some vertex Xj, 2 S j ^ /, must occur in at least two of the m-gons II im But then there are two m-gons in ^f on the 2-claw (yi'.x, Xj), a contradiction.
Thus y 1 has valency k, and since Ji? is connected, so does every vertex of J^f. Thus Ji^ is regular. Proof. This is obvious, since the girth of ffl is m. Proof. Let g £ G x and suppose g fixes A(x) pointwise. We show by induction that g fixes A n (x) pointwise for all n ^ 2, and thus, since Ji? is connected, g fixes Jif.
So suppose g fixes A t (x) for i < n. Let y £ A n (x) and choose u £ A n _i(x), z/ £ A n _ 2 (x) with z; ^ u ^ y. Let II = (y, u, v, w, . . .) be the unique m-gon on the 2-claw (u: v, y). Then II is also the unique m-gon on the 2-claw (v: u, w) and since w Ç à t (x) for some i < n } g fixes this latter 2-claw, and hence II, pointwise by Lemma 2.3. Thus g fixes y. Since y was arbitrary, g fixes A n .(x).
So g fixes every vertex of $, and thus g = 1.
Remark. Lemma 2.5 is false for general (non-strict) polygonal graphs: a counterexample is given by the Petersen graph and its full automorphism group (see Section 3).
The following ^-transitive version of a theorem of Jordan (see [IS] , Theorem 3.7) is given without proof.
LEMMA 2.6. Let the group G act t-transitively on the set 12. Let S be a Sylow subgroup of the stabilizer of some t points of 12. Then N G (S) is t-transitive on 12(5).
We conclude this section by mentioning that ra-gon-graphs give rise to (m) c incidence structures belonging to the diagram of F. Buekenhout [2] .
Examples of polygonal graphs.
In all the following examples, k > 2 will denote the valency of the polygonal graph ( ffl r <$), and m > 3 its girth.
The most obvious examples of polygonal graphs are those which arise from regular solids. In particular the points and edges of the regular cube in kdimensional real Euclidean space gives rise to a rectagraph J^(k) of valency k on 2 k vertices, which contains, as subgraphs, the rectagraphs 
There are two pentagraphs arising from regular solids. One of valency 3 on 20 vertices consists of the points and edges of the dodecahedron. For convenience this will be called the dodecahedral graph. Its automorphism group is isomorphic with A$ X Z 2 , and has point stabilizers isomorphic with S 3 .
The other pentagraph consists of the points and edges of the 4-dimensional polytope known as the 120-cell (see [6] and [14] ). This is a regular solid in 4-dimensional real space which has 120 dodecahedra as its 3-dimensional "faces" or "cells". The corresponding pentagraph of valency k = 4 has 600 vertices, and on each 3-claw contains a (unique) dodecahedral subgraph.
Its automorphism group is isomorphic with H/Z(H),
where H = SL(2, 5) ^ Z 2 , and has point stabilizers isomorphic with 2 4 .
Other examples of w-gon-graphs are known. With k = 3 and m = 5 we have the Petersen graph (see for example [11] ) which is a (non-strict) 5-gongraph on 10 points and has automorphism group isomorphic with S 5 . For the distinguished set £ of pentagons take any pentagon and its images under the subgroup of the automorphism group isomorphic with A b . Examples with k = 3 and m = 6, 7, 8 and 9 exist, most of which come from regular maps (see [5] , Chapter 8). For a more detailed discussion of these, and their groups, see [17] .
An example of a rectagraph of valency 4 on 14 vertices is given by the incidence graph of the unique 2-(7, 4, 2) design (see for example [4] , Theorem 4.5). This graph has automorphism group isomorphic with PGL(2, 7) and the stabilizer of a vertex is isomorphic with 2 4 .
The action of PGL (2, A 5-gon-graph, which is not a pentagraph, of valency 6 can be obtained from the action of the group G = PSL (2, 19) on the right cosets of an A b subgroup, and defining Jtif with respect to a suborbit of length 6. Here the set S is the set of pentagons fixed pointwise by involutions of G. Another 5-gon-graph (of valency 11) can be obtained from the action of the group J\, Janko's first simple group, on the cosets of a subgroup isomorphic with PSL (2, 11), and defining the graph ffl with respect to the suborbit of length 11. The set $ is the set of pentagons fixed pointwise by subgroups isomorphic with S3. This example is discussed in more detail in [15] where J\ is characterized in terms of this action.
Proof of theorem 1.
For the remainder of this paper, we shall be assuming that {ffl, <o) is an w-gon-graph of valency k ^ 3 on a set 12, with w odd, w ^ 5, and that G S Aut (Jtif) is a group of automorphisms of ffl transitive on 12. We also suppose that for any 2-claw (x:y, z),x, y, z G 12, every involution in G xyz fixes (pointwise) the w-gon in <S on (x:y, z), but no other w-gon on (xly, z). Note that this latter hypothesis is automatically satisfied if ^f is a strict w-gon-graph (even if w is even), and in the case that G xyz has no involutions we interpret this hypothesis to mean that G xyz fixes the w-gon in $ on (x: y, z), and no other w-gon on (x\y, z). LEMMA , z) , so G xyz also fixes II. LEMMA 
If n G $ is the m-gon containing (x\y, z) then G xyz fixes II pointwise {and no other m-gon on (x:y, z)).

Proof. Let H = (t: t an involution in G xyz ). H char G xyz , so G xyz acts on the fixed points of H. But H fixes II and no other w-gon on (x:y
G x is faithful on A(x).
Proof. Suppose g G G x fixes A(x) pointwise. Assume g fixes A t (x) for all i < n. We show g fixes A n (x), whence by induction g fixes Jti? (since Jti? is connected), which implies that g = 1.
Take y £ A n (x), u G A n _i(x), z; € A w _ 2 (x) with v ^ w ^ y. Let II = (y, u, v, w, . . .) be the element of S on (w:u, y). Then II is also the w-gon in <f containing (vlu, w), so by Lemma 4.1, II is fixed by G uvw . But by the inductive hypothesis g G G uvw because w G A,(x) for some i ^ n -1. So g fixes II, whence g fixes 3>. Since 3; was arbitrary in A n {x), this completes the proof.
LEMMA 4.3. Let X be a 2-transitive Frobenius group, V the Frobenius kernel, a an involutory automorphism of X such that M a = M for some complement M ^ X. (i) If a is inner, then a centralizes M. (ii) If a is outer, then there is a nearfield (N, +, o) with F~ (N, +), M ~ (N -{0}, o) and a G Aut (TV).
Proof. (For properties of Frobenius groups used here see [8] , Theorems 2.7.6 and 10.3.1).
(i) Suppose a is inner. Then there is x G X so that conjugation by x induces 0-on X. > a(p n/a -1). This contradiction proves the lemma. LEMMA 
Let n be an even integer and p an odd prime. Let N be the regular nearfield of order p n with center isomorphic to the field of p n/2 elements. Let H be the multiplicative group of N and A ^ Aut (TV) with \A\ odd. Then H is characteristic in G = AH.
Proof. First suppose p n 9 e 9. Suppose that TV is constructed from the field GF(p n ) of order p n . Then it can be deduced from [13] that Aut (N) ~ Aut (GF(p n )). Let U be the set of squares in GF(p n ) -{0}, so that U S H and \H: U\ = 2. We claim that it suffices to prove that U a ^ H for any a e Aut (G), for if a € Aut (G) Further, -1) ). But
so that since p ^ 3 and w/a ^ 2 we have
since a > 2, a contradiction. Thus a = 1 and c = 1. But then V ^ H and we are done in this case. Now suppose p n = 9. Then the regular nearfield of order 9 has an automorphism of order 3 ( [7] , 5.2.2), but in this case \H\ = 8 and so H is the characteristic Sylow 2-subgroup of G = AH.
Hence the lemma is proved.
Remark. It can be shown that if N is the regular nearfield of order q 2 , q a prime power, with center the field of q elements, then except for the case q = 3, the cyclic subgroup U of order (q 2 -l)/2 of the multiplicative group TV* of N is in fact the unique cyclic subgroup of N* of order (q 2 -l)/2. This is not true for g = 3. Remark. We mention without proof that the direct analogues of Lemma 4.5 and Corollaries 4.1 and 4.3, with H the squares of the multiplicative group of a field with p n elements, hold true.
Let x 6 OE and u,v G A{x). Let II £ S be the unique ra-gon in S on {x\u, v). Let u', v ! be the two points in II at a distance (m -l)/2 from x.
We now have three cases to consider. 3 (ii) , a is an involutory nearfield automorphism on a nearfield TV of p n elements, with center Z(N) isomorphic to the field F of p n/2 elements. However we can again choose a so that it inverts the center of H, and thus inverts the center of N -{0} which is F -{0}, and also a centralizes F (as F is the fixed field of a) . Thus r c -r = r~l for all r Ç F -{0}, and so r 2 = 1 for all r 6 F -{0}. Hence p n/2 = 3, and so p n = 9, a contradiction.
Now suppose p n = 9. Then we may regard G x as the following subgroup of PTL(2, 9) acting on 10 points:
) a non-square in GF(Q), and 1 ^ a G Aut (GF (9) )/ ^ PrL(2, 9).
Let GF(9) = {a + ift: a, 6 € GF(3), > = -1}. The squares in GF (9) or G x = P5L(2, 9) <a>, 1 ^ a 6 Aut (GF (9)).
Proof of theorem 2.
Suppose Theorem 2 is false and from the set of pairs ( Jtif, G) of polygonal graphs J^and groups G ^ Aut (3f) satisfying the hypotheses, choose a counterexample with |12| a minimum, and \G\ a minimum.
By Lemma 4.2, k y^ 3 and if k = 5 then G^ ^ 2 5 . But then by Lemma 5.1, which follows below, if u, v, w £ A(x), G^^ has order 2 and on 12(G xuvw ) there will be a subgraph of valency 3 which is a strict m-gon-graph, contradicting the hypotheses of the theorem. Thus k > 5.
So choose x G 12 and u,v,w^ A(x). Let i£ = G^M PW . If i£ = 1, then G x is sharply 3-transitive on A(x), so by [9] , Theorem 1 applies and we get a contradiction. So we may assume that K ^ 1. Proof. Take a connected component Y of 12 (L). From the points of V pick one, y say, whose valency n in T is maximal, and let {yi } . . . , y n ] = Q, y {L). We claim that the valency of each y t is n (in T).
Suppose on the contrary that y u say, has valency / < n in V, and let £L yi {L) = [y, z 2 , . . . ,z t }. Since there are no triangles in ffl, (y'.yuyi) is a 2-claw for 2 ^ i ^ w, so let II Z be the unique element of S on (y:^i, 3>Ï). Then L fixes each II t pointwise, so each II t is in fact in Y. Thus the points not equal to y in YLi (2 ^ i ^ n) which are adjacent to y\ must lie in iï yi (L). Since / < n, some Zj (2 ^ j ^ /) occurs in at least two of the II u both of which would then contain the 2-claw (yi'-y,Zj) } which contradicts the hypotheses on the set <f. This proves the lemma. The following result on strict w-gon-graphs now follows immediately from Theorem 2. 
